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Abstract. We consider the notions of topological essential range and regu- 
larity for continuous cocycles over minimal Z-systems introduced in [GH) and 
discuss relations with their generic counterparts. The alternative generic def- 
initions can be given by using the notion of generic Mackey action associated 
with a cocycle. We further present a description of recurrent cocycles over min- 
imal rotations with values in discrete groups and derive several consequences. 



The concept of topological essential range for continuous cocycles over compact 
minimal systems was introduced in At ,[LMJ where the case of abelian groups of 
values has been under research. A generalization to a non-abelian case was made in 
[GHj . It was applied to obtain several results on regularity of topological cocycles 
which permit to describe the topological ergodic decomposition and structure of 
orbit closures in skew product actions. 

Our aim is to describe the interplay between the above mentioned notions and 
their generic analogues. We consider Polish group valued cocycles over Polish mini- 
mal systems and suggest a parallel approach based on the notion of generic Mackey 
action associated with a cocycle ( |GKj ). It appears that several important prop- 
erties of continuous cocycles related with essential ranges and regularity can be 
derived using such a generic approach but in more general situations. 

We further proceed with the study of regularity problem for cocycles over a 
minimal rotation on a compact monothetic group. We completely describe the case 
when the group of values is discrete. It is applied for getting several reduction 
results for cocycles taking values in locally compact groups. Unlike the situation 
in [GHj . where rotations on locally connected compact groups are considered, the 
most of our results are referred to a disconnected or arbitrary base space. 

Let X be a perfect Polish space, T a homeomorphism of X and G a Polish group. 
A continuous map / : X — > G defines a Z-cocycle by: 



1. Introduction and preliminaries 



f(n,x) = < e 



f f(T n ~ 1 x) • . . . • f(Tx) ■ f{x) 



if n > 1, 
if n = 0, 
if n < 0, 



A skew product action is a continuous Z-action on X 



x G defined by: 



T?(x,g) = (T»x,f(n,x).g) 
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A cocycle / is said to be recurrent if the skew product Tt is topologically conser- 
vative (i.e. for every open nonempty O d X x G there exists an integer n ^ with 
TjO n O ^ 0). / is called ergodic if the skew product Tf is topologically ergodic. 

We will denote by 3?t the equivalence relation on A generated by T: 'Rt — 
{(T n x,x) : x G X, n G Z} and by JIt the equivalence relation (called the generic 
ergodic decomposition f [Wej . [KeOOj )) on X defined by: (x, y) G 3Jt ^ T z x = T z y. 

Let us recall the definition of generic Mackey action associated with a cocycle (see 
GKJ). We formulate it here for our situation when the base transformation group 
is Z (acting by T) and the cocycle / : X — > G is continuous. Let fl — (X x G)/JlT f 
denote the factor-space with the factor-topology and (j> : X x G — > f2 the factor- 
map. The following properties of are described in [GKJ: is a Baire, second 
countable Xo _ space (not necessarily Hausdorff). The map 4> is open, for any meager 
S C Q, cf>~ 1 (S) is meager too, and for any meager IRt/ -invariant L C X x G, 4>{L) 
is meager. The Borel structure on f2 generated by its topology is standard. Let 
V(G) be the right translation action on X x G: V(g)(x, h) = (x, hg~ r ). 

Definition 1.1. ( GK ) The action Wf(G) of the group G on the space defined 
by 

W f (g)uj = <P(V(g)y), 

where y G _1 (o;), uj G fl,g 6 G, is called the generic Mackey action associated 
with the cocycle f. 

It is shown in |GK| that Wf(G) is a continuous action and it is minimal iff 
T is. We will denote by G u , where u> G f2, the stability group at the point uj: 
Guj = {g G G : Wf(g)u> = uj}. Regardless of the fact that can be even not 
Ti-space every G w is closed (see |GKj ). 

From now we will suppose that T is minimal. A cocycle / is called generically 
regular if, modulo a meager subset of A, it is (Borel) cohomologous to a (generally 
Borel) ergodic cocycle taking values in a closed subgroup of G f [GK] ). This property 
has been investigated in [GK] and it was shown there that the generic regularity of 
a cocycle / is equivalent to the essential transitivity of the generic Mackey action 
Wf(G) (i.e., modulo a meager subset of f2, Wf(G) is a transitive action). 

2. Regularity and essential ranges: a generic approach 

The following definition of the notion of topological essential range comes from 
[GHj but we give it here in a more general situation. 

Let G be a Polish group, / :I^Ga continuous cocycle of a minimal Polish 
system (A, T). 

Definition 2.1. The local essential range E x (f) at the point x G A is defined 
by: g G E x (f) if for any open neighborhood U = U(g) and any open neighborhood 
O = O(x) there exists ti ^ such that the set O n T~ n O n {x : f(n, x) G U} is 
nonempty. 

As in [GH] we will denote by P x (f) the set {g G G : (x,g) G Tf(x,e)}. Then 
P x {f) C E x (f) for every x G A. 

The unit e belong to the essential range E x iff the cocycle / is recurrent. We 
will always consider below recurrent cocycles. 

Now let us consider the following family of closed subgroups of G: 

{G,f,{ x ^)}x£X 

2 



which are stabilizers of the generic Mackey action associated to / at points of the 
form cf>(x,e). One easily sees that it satisfies the conjugacy equation: 

G0(T»i,e) = f(n, x) ■ G^( X)6 ) • f(n, a;)^ 1 , 

for all x £ X and n G Z. 

The following proposition shows that on a dense G^-subset of X this family 
coincides with the family of essential ranges {E x } xe x- Thus, we get an alternative 
generic definition of the notion of local essential range given in terms of an associated 
generic Mackey action. By the way, the proof presented below is a different proof 
of the fact that the topological essential ranges are groups on a comeager subset of 
X and it fits for a general Polish situation (cf. |GH|, Proposition 1.1], where it is 
assumed X is compact and G is locally compact). 

Proposition 2.2. There exists an invariant dense Gg-set Xq C X such that for 
every x G Xq one has E x = P x = G^ x ^ . 

Proof. Observe that G^ ^ C P x for any x G X. Indeed, g~ x G G^ l e ) means 
that V(g~ 1 )Jif(x, e) = e) so (x,g) G Tj(x,e). Thus it suffices to prove that 

E x C G^^) on some dense G^-subset. Let VL = (X x G)/$/ be the topological 
factor-space. By |GK[ Proposition 6] there exists a dense G^-subset O cO such 
that VLq is a Polish space. Then Yq = — 1 (ilo) is dense G$ in X x G. By the topolog- 
ical Fubini theorem there exists a dense G^-set X C X with the property {g G G : 
(x, g) G Yq} is comeager in G for every x G Xq. We claim that E x C G^.e) on Xq. 
Fix Xq G Xo and suppose g G . Let us denote A x = {g € G : (x, g) € Yq}. It fol- 
lows from the definition of the essential range that there exist sequences {yk}, {nu} 
with yk — > xq, T nk yk — ► xo and f(nk,yk) — > .9- Moreover, one can choose {yk} C 
as for open O C X, U C G and n G Z the set O n T-"0 n(i€l: f(n, jc) G t/} 
is open, so in case of it is nonempty it intersects Xq. Then A — f] k A yk n A XQ 
is comeager m G. By Pettis theorem (see [Ke95| 9.9]) A ■ A- 1 = G, so g can 
be represented of the form g — g" ■ g' where g',g" G A. Then all the points 
(yk, g'),Tf k (yk,g'), (%o,g'), (xo,9") belong to Fo so their corresponding images un- 
der (j) belong to D. . Since cj)(yk,g') -> <j>(x ,g'), </>(Tj> (y k , g')) -> (j>(x ,g") and 
4>(yk,g') — (fi(Tf k (yk,g')) we conclude that (f>(xQ,g') = (j>(xQ,g") as f2o is already a 
Hausdorff space. This yields VK(g)</>(x, e) = (f>(x,e), i.e. 5 G G^ X}e y □ 

Thus, the only difference between Gm x ^ and £^ can occur on a meager subset of 
X. But even for these exceptional points we have the inclusion Gm x , b ) Q E x . Note 
also that the properties E x = E x x , E x is closed and Er* x = f(n, x) ■ E x ■ f(n, x)' 1 
are holds on the whole space X. 

Assume now that G is locally compact. Then the mapping x <—y Gm x ^\ from 
X to the space (S, $) of closed subgroups of G with the Fell topology is Borel and 
therefore it is continuous on a dense G^-subset of X. 

We recall the definition of regularity for cocycles introduced in |GH| : let (X, T) 
be a minimal compact system, then a continuous cocycle / : X — > G is called 
regular if the skew product T/ admits a surjective orbit closure closure, i.e. there 
exists a point (xo,go) G X x G such that Ttx \Tf(xo, go)) = X. Such a definition 
differs from that given in |LM) . where a stronger condition must be fulfilled. 
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Proposition 2.3. Let f be a continuous cocycle over a minimal compact system 
(X, T) with values in a locally compact group G. Then f is regular if and only if it 
is generically regular. 

Proof. Let O = (X x G)/3lf. Suppose / is regular. Let C be a surjective orbit 
closure so that C = Tf(x,e) for some x 6 X. It follows V(G)C — X x G and it 

is routine to verify that then V(G)%f [(x, e)] is comeager in X x G. This implies 
the orbit Wf(G)cf>(x,e) is comeager in 17, i.e. the generic Mackey action Wf(G) is 
essentially transitive and hence / is generically regular ( |GK[ Prop. 17]). 

Conversely, suppose / is generically regular. Then, again by [GK[ Prop. 17], 
the action Wf(G) is essentially transitive so there exists ujq 6 17 with Wf(G)ujQ 
comeager in 17. This yields V(G)Jlf[(xo, go)} is comeager in X x G for some 
{xo,go) G 4>~ 1 (luo)- Hence 7r(3l/ [(xo, go)]) is comeager in X, where ir denotes the 
projection X x G — > X. Let C = T^(x ,.go). Then n(C) is T-invariant and 
comeager subset of X. Let {K n } n >i be a countable family of compact subsets of 
G with G = [j n K n . Then each set F n — ir((X x K n ) n C) is compact and their 
union lj n>1 F n = ir(C) is comeager. It follows from Baire's category theorem that 
for some m £ N F m contains a non-empty open subset O oi X. Since (X, T) is a 
minimal compact system we have X = (Ji=i T l (0) for some k G N and as 7r(C) is 
T-invariant we conclude 7r(C) = X. The latter means that / is regular. □ 

It easily follows from the above proposition and the generic definition of essential 
range that for a regular cocycle there exists a dense G^-subset of X on which all 
the essential ranges are conjugate (cf. |GH[ Theorem 2.2]). 

Remark 2.4. Note that the smoothness of a generic Mackey action would imply 
regularity of a cocycle in our situation. Furthemore, let us consider the case when 
G is a connected Lie group. Suppose we know that, modulo a meager subset of X, 
each essential range is an almost connected subgroup. Then, as the generic Mackey 
action Wf(G) is ergodic with respect to the u-ideal of meager sets, we are in the 
assumptions of |Da[ Corollary 4.3] which imply that on a comeager subset of X all 
essential ranges are automorphic in G. If, additionally, one of the conditions (i), 
(ii), (Hi), (iv) of [Dai Corollary 4.4] is satisfied (for instance, G is almost algebraic 
or E x is compact for all x from a comeager subset of X) we conclude that all 
essential ranges are conjugate on a comeager subset of X. 

COROLLARY 2.5. Suppose f is a regular continuous cocycle over a compact minimal 
system (X,T) with values in a locally compact group G. Then the following is true: 

(1) / is Borel cohomologous to a (Borel) cocycle f which takes values in a 
closed subgroup H of G and is ergodic in H . 

(2) // / is a continuous cocycle which is Borel cohomologous to f then f is 
regular. 

Proof. The first part follows immediately from 12.31 The second part is a conse- 
quence of 12.31 and the fact that the generic Mackey action is invariant under the 
cohomology equivalence ( |GK| Prop. 11]). □ 

Remark 2.6. Since the generic Mackey action is an invariant of orbit equivalence 
for cocycles (see |GKj ) we have that the assertion (2) of the corollary remains to 
be true even in case of / is (continuously or generically) orbit equivalent to /. 
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The next technical result permits us to reduce the question of regularity to con- 
sideration of a factor cocycle in the special situation of factorization by a compact 
subgroup. For the proof of it we provide here the generic arguments which, actually, 
work also for the case of a general Polish group G. 

Proposition 2.7. Let G be a locally compact group, f : X — > G a continuous 
cocycle over a minimal compact system (X, T). Suppose K is a compact normal 
subgroup of G such that the factor cocycle fx = f / K is regular. Then f is regular. 

Proof. The cocycle fx is cohomologous to an ergodic cocycle <p — b(Tx) fj((x)b(x) 1 
with values in a closed subgroup H of G/K. Let 3?t be the equivalence relation on 
X generated by T. It follows from |GKS[ Th. 3.3, 4.3] that there exists a cocycle ip 
defined on %p which is orbit equivalent to tp with Kerip being an ergodic subrelation 
of . Let s : G/K — >Gbea Borel section with ttk os — id, where tzk : G — > G/K 
is the projection. Then the values of the cocycle ip — (s o b)(Tx)ip(x)(s o b)(x) _1 
on the ergodic subrelation Ker ip belong to K. This yields i/'Ikci-v i s generically 
regular f |GK[ Prop. 20]) and hence ip is. Note that / is generically orbit equivalent 
to ip to complete the proof. □ 



3. Minimal rotations 

We turn here to the case when the base dynamical system is a minimal rotation 
on a compact monothetic group X, i.e. Tx = ax, where {a n : n £ Z} is dense in 
X. 

Theorem 3.1. Let G be a discrete countable group. Suppose f : X — » G is a 
continuous recurrent cocycle over a minimal compact group rotation (X, T) . Then 
f is regular. Moreover, f is (continuously) cohomologous to a cocycle f taking 
values in a finite subgroup K C G and f is ergodic. 

Proof. Let p be the invariant metric on X and d a metric on G defined by: 
do{gi,g 2 ) = 1 if <7i 7^ <?2, and do(gi,g 2 ) = if g\ = g 2 . Lets define a metric d 
on X x G by: 

d{{xi,g\), (x 2 ,g 2 )) = p(xi,x 2 ) + d (g 1 ,g 2 ) 
Note that since / is uniformly continuous there exists 5 > such that for all 
xi,x 2 E X with p(x\,X2) < S and gi,g 2 E G one has: d(Tf(xi,gi),Tf(x 2 ,g 2 )) = 
d((xi,gi), (x 2 ,g 2 )). 

Suppose now that T^ k (x, g) — > (y, h) when nk — > 00 for some x,y E X , g, h E G. 
Given any < e < S there exists N > 1 with p(T nh x, y) < e and /(n/., x)g = h for 
all k > N. Then, as p(T'x, T- rik+ iy) = p(T nk x, y) for all < j < n k , we have 

d((x, g), TJ n » (y, h)) = d(T f (x, g), Tf n *+\y, h)) = . . . = d(Tp (x, g), (y, h)) < e 

It follows TJ rik (y, h) — > (x, g). The latter yields that every orbit closure Tf (x, g), 
((x, g) E X x G) is minimal under Tf. Since / is recurrent one may assume without 
loss of generality that there exists a positive sequence {mk}k>i E Z + such that 
Tj lk {x,g) — ► (x, g) for some (x, g) E X x G. By the same argument as above 
TJ mk (x,g) — > (x, g) so the point (x, g) is recurrent in the terminology of [GoHej (i.e. 
(x, g) belongs to both positive and negative orbit closures of (x,g)). This together 
with minimality of (Tf(x,g),Tf) implies Tf(x,g) is compact ( |GoHei Theorem 
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7.05]), so / is regular f [GH| ). By virtue of LM, Proposition 2.1] there exists a 
compact subgroup K (which equals E x in our case) of G and a continuous map 
7 : X -> G/if such that 7 (Tx) = f(x)i(x) for all i e X. Let s : G/Jf -> G be a 
section (so that -kk°s = id, where ttk '■ G — > G/if is the projection). Put b = S07 
and / = 6(T x) -1 j '(x)b(x) . Then one verifies that / satisfies the conditions of the 
theorem. □ 

Corollary 3.2. Let G be a discrete countable group without finite subgroups. Let 
f be any continuous cocycle over a minimal compact group rotation (X, T) with 
values in G. Then either f is a coboundary or the skew product action is an action 
with only discrete orbits. 

Corollary 3.3. Let (X,T) be a minimal compact group rotation. Suppose G is a 
locally compact s.c. group such that there exists a compact normal subgroup K C G 
with G/K discrete (in particular, when G is a Lie group with the compact identity 
component or a totally disconnected abelian group). Then every recurrent cocycle 
f : X — » G is regular and is (continuously) cohomologous to an ergodic cocycle 
taking values in a compact subgroup of G. 



Proof. The proof repeats the arguments of 13.11 □ 

Corollary 3.4. Let (X,T) be a minimal compact group rotation. Suppose G is 
a Lie group or a locally compact s.c. abelian group. Then every recurrent cocycle 
f : X — > G is (continuously) cohomologous to a cocycle taking values in an almost 
connected (closed) subgroup H of G. In particular, there are no continuous ergodic 
cocycles over (X, T) taking values in a Lie group with infinitely many connected 
components. 

Proof. Let G° be the identity component of G and fo : X — > G/G° the factor 
cocycle. Suppose, for a start, G is a Lie group. Bv l3.1l we have fo = b(Tx)fob{x)~ 1 , 
where fo is a cocycle taking values in a finite subgroup F of G/Go and b : X — > 
G/Go is continuous. Let s : G/Go — > G be the section. Lets define f(x) = (s o 
b)(Tx)f(x)(s o b)(x)~ . Then evidently / satisfies the conditions of our assertion. 

Now suppose G is a locally compact abelian group. Then G/G° is totally dis- 
connected so there exists a compact subgroup K C G/G° with (G/G°)/K being 
discrete. By virtue of l3.1l one may assume that the cocycle fx defined by fx = fo/K 
takes all its values in a finite subgroup of (G/G°)/K. Thus fo takes values in a 
compact subgroup of G/G° and the similar argument as above implies our asser- 
tion. □ 

We complete with the following result on regularity of cocycles over an arbitrary 
minimal rotation on a compact group with values in an arbitrary locally compact 
abelian group. In [Me] the similar result was proved for the case when G does not 
contain compact subgroups, however it was used there a little different notion of 
regularity (see Me, 2.7]). The case of locally connected compact group X is covered 
by [GHl Theorem 4.1]. 

Theorem 3.5. Let (X, T) be a minimal compact group rotation, G a locally compact 
s.c. abelian group. Then every recurrent cocycle f : X — » G is regular. 

Proof. There exists a compact subgroup K C G with G/K being a Lie group. So, 
in view of 12.71 it suffices to prove our assertion for the case G = K n x T fc x D, where 
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D is discrete. The application of 13.41 allows us to suppose that D is finite and, 
again, by 12.71 the situation is reduced to the case G = R™ . The latter was shown 
in |Me| but we give here a slightly different argument to illustrate our approach. 
Recall that in the abelian case all the essential ranges are the same and equal to 
a closed subgroup E(f) of G ([EM] IUH] ), So E(f) ^ R fe x Z m . If k ^ lets 
consider the factor cocycle / : X -> G/E(f) ^ ]jn-m-fc x T m^ Evidently, the 
existence of a surjective orbit closure for / would imply the regularity of /. So, 
arguing as before, one may assume without loss of generality that / is a cocycle 
with values in M. n ~ m ~ k . As we know that any recurrent R- valued cocycle is regular 
( |LM[ Theorem 1]) the application of a standard inductive argument completes the 
proof. □ 
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